Abstract. We prove a Bonnet-Myers type theorem for quaternionic contact manifolds of dimension bigger than 7. If the manifold is complete with respect to the natural subRiemannian distance and satisfies a natural Ricci-type bound expressed in terms of derivatives up to the third order of the fundamental tensors, then the manifold is compact and we give a sharp bound on its sub-Riemannian diameter.
Introduction and main results
Bonnet-Myers theorem is classical among comparison theorems in Riemannian geometry [37] . It states that, if the Ricci curvature of a complete d-dimensional Riemannian manifold (M, g) is bounded below by (d − 1)κ > 0, then the manifold M is compact and its diameter is at most π/ √ κ.
Several generalizations of this theorem, in variuos smooth settings (and even in the nonsmooth one of metric measure spaces, see for instance [38] ) have been recently investigated, introducing suitable notion of curvature or Ricci bound. Among these, different versions of Bonnet-Myers theorem have been obtained in the setting of sub-Riemannian geometry (cf. discussion in Section 1.4).
Recall that a sub-Riemannian structure (D, g) on a smooth, connected manifold M of dimension d ≥ 3 is defined by a vector distribution D of constant rank k ≤ d and a smooth metric g assigned on D. The distribution is required to satisfy the Hörmander condition, or to be bracket-generating, that means (1) span{
where a Lipschitz continuous path γ : [0, T ] → R is horizontal if it satisfiesγ(t) ∈ D γ(t) for almost every t, and in this case we set
g(γ(t),γ(t))dt.
By the classical Chow-Rashevskii theorem (see for instance [6, Chapter 3] ), the condition (1) implies that d SR is finite and continuous on M × M . We say that the sub-Riemannian manifold is complete if (M, d SR ) is complete as a metric space. A sub-Riemannian Bonnet-Myers theorem states, under suitable curvature conditions, that the manifold M is compact and gives a bound on its sub-Riemannian diameter. For more details on sub-Riemannian geometry we refer to classical references such as [16, 36] and the more recent ones [6, 35, 39] . Remark 1. Notice that if the sub-Riemannian structure is defined as the restriction of a Riemannian metric g on M to a distribution D, in general the sub-Riemannian diameter is bigger than the Riemannian one. Thus, even if one is able to control the Riemannian curvature of (M, g) and apply a classical Bonnet-Myers theorem, one can prove compactness of M , but has no a priori estimate on the sub-Riemannian diameter.
In this paper we focus on quaternionic contact structure. A quaternionic contact (qc) structure, introduced in [17] , appears naturally as the conformal boundary at infinity of the quaternionic hyperbolic space. The qc structure gives a natural geometric setting for the quaternionic contact Yamabe problem, [23, 43, 31, 29] . A particular case of this problem amounts to find the extremals and the best constant in the L 2 Folland-Stein Sobolev-type embedding, [21] and [22] , with a complete description of the extremals and the best constant on the quaternionic Heisenberg groups [29, 30, 27] .
A quaternionic contact structure carry a natural sub-Riemannian structure with a codimension three distribution. Curvature conditions are expressed in terms on bounds on standard curvature tensors of quaternionic contact geometry. These conditions can be expressed only in terms of sub-Riemannian quantities (cf. Theorems 1 and 2) and are obtained through the computation of the sub-Riemannian coefficients of the generalized Jacobi equation, first introduced in [9, 44] and subsequently developed in [10, 11, 2] .
1.1. Quaternionic contact structure. A quaternionic contact manifold (M, Q, g) is a (4n + 3)-dimensional manifold M with a codimension-three distribution D equiped with Sp(n)Sp(1) structure. Explicitly, the distribution D is locally described as the kernel of a 1-form η = (η 1 , η 2 , η 3 ) with values in R 3 together with a compatible Riemannian metric g and a rank-three bundle Q consisting of endomorphisms of D locally generated by three almost complex structures I 1 , I 2 , I 3 : D → D satisfying the identities of the imaginary unit quaternions. Namely, if {α, β, τ } is any cyclic permutation of {1, 2, 3} we have (2) I α I β = −I β I α = I τ , I From the sub-Riemannian view-point, these structures are fat, i.e. for any non zero section X of D, T M is (locally) generated by D and [X, D] . This is a direct consequence of the quaternionic relations of the almost complex structures. For completeness a proof is given in Section 2. The fat condition is open in the C 1 topology, however it gives some restriction on the rank k of the distribution (for example dim M ≤ 2k − 1, [36, Prop. 5.6.3 
]).
Example 1 (Quaternionic Hopf fibration). A classical example of quaternionic contact structure is the quaternionic Hopf fibration
Here D = (ker π * ) ⊥ is the orthogonal complement of the kernel of the differential of the Hopf map π, and the sub-Riemannian metric is the restriction to D of the standard round metric on S 4n+3 . The sub-Riemannian distance on the quaternionic Hopf fibration can be computed explicitly and its diameter is π, as it is proved in [15] . This example is one of the simplest (non-Carnot) sub-Riemannian structures of corank greater than 1, and is included in the sub-class of 3-Sasakian structures.
Example 2 (Quaternionic Heisenberg group). An example of quaternionic contact structure that is not 3-sasakian is the quaternionic Heisenberg group. It is defined as
endowed with the group law
If we take D = H n (which has dimension 4n) with the standard Euclidean metric, it easy to see that it is bracket generating and defines a quaternionic contact structure.
1.2. Biquard connection, torsion and curvature. On a qc manifold of dimension 4n + 3 with n ≥ 2 with a fixed metric g on the horizontal distribution D there exists a canonical connection, called Biquard connection, defined in [17] . Biquard shows that there exists a unique supplementary subspace V to D in T M and a unique connection ∇ with torsion T , such that: (i) ∇ preserves the decomposition H ⊕ V and the Sp(n)Sp(1) structure on D, ∇g = 0, ∇σ ∈ Γ(Q) for σ ∈ Γ(Q), and its torsion on D is given by
iii) the connection on V is induced by the natural identification ϕ of V with the subspace sp(1) of the endomorphisms of D, i.e., ∇ϕ = 0. When the dimension of M is at least eleven, [17] shows that the supplementary vertical distribution V is (locally) generated by three Reeb vector fields ξ 1 , ξ 2 , ξ 3 determined by the conditions
where denotes the interior multiplication: more explicitly X Φ = Φ(X, ·) where X is a vector field and Φ is a differential 2-form.
Remark 2. In this paper we restrict our attention to quaternionic contact structure of dimension strictly bigger that seven. If the dimension of M is seven Duchemin shows in [20] that if we assume, in addition, the existence of Reeb vector fields as in (4) , then the Biquard result holds. Henceforth, by a qc structure in dimension 7 we shall mean a qc structure satisfying (4) . This implies the existence of the connection with properties (i), (ii) and (iii) above.
The fundamental 2-forms ω α of the qc structure are defined by
The torsion restricted to D has the form
The properties of the Biquard connection are encoded in the torsion endomorphism T (ξ, .) |D . It is completely trace-free, tr(T (ξ, .) |D ) = trT (ξ, .) |D • I α = 0 and can be decomposed into symmetric and skew-symmetric parts, T (ξ α , .) |D = T 0 (ξ α , .) |D + I α u, respectively 1 the perpendicular is computed with respect to the inner product
where u is a traceless symmetric (1,1)-tensor on D which commutes with I 1 , I 2 , I 3 , see [17] . When n = 1 the tensor u vanishes identically and the torsion is a symmetric tensor, T ξ = T 0 ξ . The two Sp(n)Sp(1)-invariant trace-free symmetric 2-tensors T 0 , U on D defined in (33) having the properties (34) determine completely the symmetric and the skew-symmetric parts of torsion endomorphism, respectively [31] (cf. (35) and (36) in the Appendix.)
The qc-Ricci tensor Ric and the normalized qc-scalar curvature S of the Biquard connection are defined with the usual horizontal traces of the curvature of the Biquard connection (cf. (37) in the Appendix.)
A qc structure is said to be qc-Einstein if the horizontal qc-Ricci tensor is a scalar multiple of the metric. As shown in [31, 28] the qc-Einstein condition is equivalent to the vanishing of the torsion endomorphism of the Biquard connection. In this case S is constant and the vertical distribution is integrable. It is also worth recalling that the horizontal qcRicci tensors and the integrability of the vertical distribution can be expressed in terms of the torsion of the Biquard connection according to (38) in the Appendix (see [31] , cf. also [29, 33, 32] ) .
Any 3-Sasakian manifold has zero torsion endomorphism, and the converse is locally true if in addition the qc scalar curvature is a positive constant [31] . 
is compact manifold with finite fundamental group, and its sub-Riemannian diameter is not greater than π/ √ κ.
Remark 3. The bound on the sub-Riemannian diameter given in Theorem 1 is sharp since the equality is attained for the quaternionic Hopf fibration, where κ can be chosen equal to 1 and the sub-Riemannian diameter is π (cf. Example 1 and Remark 5). Moreover, since R(X, X, X, X) = 0, the left hand side in (5) is indeed a trace on a 4(n − 1)-dimensional subspace of D.
Theorem 1 can be also restated as follows, in terms of the horizontal part of torsion tensors and scalar curvature. 
Then (M, g, Q) is compact manifold with finite fundamental group, and its sub-Riemannian diameter not greater than π/ √ κ.
The proofs of Theorems 1 and 2 are given in Section 5. We stress that, thanks to the results in [31] and the proof of [34, Theorem 4.2.5] , the condition (6) can be rewritten only in terms of the qc structure and its Lie derivatives. 
(ii) The skew-symmetric part of the torsion described by U satisfies
iii) The normalized qc scalar curvature is written as
Remark 4. We note that Theorems 1 and 2 generalize Bonnet-Myers results for the sub-class of qc manifold with integrable vertical space obtained in [24] simplifying considerably the Bonnet-Myers positivity condition and giving moreover explicit diameter bounds. 
Therefore, (6) is satisfied with κ = 1 and we recover the universal diameter bound for 3-Sasakian manifold, established in [40] . The diameter bound is attained for the quaternionic Hopf fibration (cf. Example 1). Notice that in [40] the authors use curvature tensors R g associated with the Levi-Civita connection. Using the relation between R g and the curvature tensor R associated with the Biquard connection (see [31, Corollary 4 .13]) we have
where we apply the identity We also state the following interesting corollary of Theorem 2, when n = 2. We note that qc manifolds with T 0 = 0 are characterized with the condition that the almost contact structure on the corresponding twistor space is normal, see [19] .
Relation with previous literature.
Other sub-Riemannian Bonnet-Myers type results are found in the literature, proved with different techniques and for different subRiemannian structures. The three dimensional contact case has been considered using second variation like formulas in [41] (for CR structures) and in [25] . In [12] and [13] , a version of Bonnet-Myers has been proved using heat semigroup approach for Yang-Mills type structures with transverse symmetries and Riemannian foliations with totally geodesic leaves, respectively. Using Riccati comparison techniques for 3D contact [7] , 3-Sasakian [40] and general contact sub-Riemannian structure [1] . See also [10] for a general approach to sub-Riemannian Bonnet-Myers theorem through curvature invariants.
A compactness result, obtained by applying Riemannian classical Bonnet-Myers theorem to a suitable Riemannian extension of the metric (cf. Remark 1) is obtained in [14] for contact manifolds and in [24] for quaternionic contact manifolds with integrable vertical space.
1.5. Structure of the paper. In Section 2 we recall some results about the sub-Riemannian Jacobi equation and the curvature invariants. In Sections 3 and 4 we carefully compute these invariants for quaternionic contact structures and express them with respect to standard tensors of quaternionic contact geometry. To perform these computations, we introduce a generalized Fermi frame along the geodesic. In Section 5 we use these computations to prove the Bonnet-Myers theorem. Appendix A resumes geometric properties of quaternionic contact structures.
Curvature of sub-Riemannian qc structures
In this section we resume the basic facts on sub-Riemannian geodesic flows and curvature needed to prove our results. For a more comprehensive presentation we refer the reader to [2, 10, 11].
2.1. Quaternionic contact sub-Riemannian structures are fat. A sub-Riemannian structure is said to be fat if for any non zero section X of D, T M is (locally) generated by D and [X, D] . This is equivalent to show that for every non zero horizontal vector X ∈ D the following map is surjective
Notice that the map L X is tensorial, in the sense that for each
The fat property follows from the following linear algebra observation.
Lemma 5. The vectors {L
Proof. Let us start by showing that, for every non zero horizontal vector X ∈ D the four vectors X, I 1 X, I 2 X, I 3 X are mutually orthogonal. First notice that for every τ = 1, 2, 3 and every horizontal vector X ∈ D one has
Moreover, if {αβτ } is a cyclic permutation of {123}, thanks to (2) and (7), one has for α = β
To prove that the sub-Riemannian structure is fat it is sufficient to show that the image through L X of the vectors I β X for β = 1, 2, 3 is a basis of T x M/D x , for every x ∈ M . This is equivalent to say that for every X the matrix Ω αβ = η α (L X (I β X)) is invertible, which follows from
2.2. Sub-Riemannian geodesic flow. Sub-Riemannian geodesics are horizontal curves that are locally minimizers for the length (between curve with same endpoints). The subRiemannian Hamiltonian H : T * M → R is defined as
where X 1 , . . . , X k is any local orthonormal frame for D and λ, v denotes the action of a covector λ ∈ T * x M on a vector v ∈ T x M , based at x ∈ M . Let σ be the canonical symplectic form on T * M . The Hamiltonian vector field H is defined by the identity σ(·, H) = dH.
Then the Hamilton equations are (8)λ(t) = H(λ(t)).

Solutions of (8) are called extremals, and one can prove that their projections γ(t) := π(λ(t))
on M are geodesics [6, Chapter 4] . The Hamiltonian H is constant along an extremal λ(t) and we say that the extremal is length-parametrized if H(λ(t)) = 1/2.
Since the sub-Riemannian structure defined on the qc manifold is fat, any minimizer can be recovered uniquely in this way. This statement is not true in full generality, since there can exist minimizing trajectories might not satisfy the Hamiltonian equation (8) . These trajectories are called abnormal minimizers and are related to the main open problems in sub-Riemannian geometry (see for instance [5] for a discussion).
Jacobi equation revisited.
Given an extremal λ(t) of the sub-Riemannian Hamiltonian flow and a vector field V (t) along λ(t) we definė
If M has dimension d, the set of solutions of (9) is a 2d-dimensional vector space. The projections π * J (t) are vector fields on the manifold M corresponding to one-parameter variations of γ(t) = π(λ(t)) through geodesics. In the Riemannian case, this coincides with the classical construction of Jacobi fields. Next, let us write (9) using the symplectic structure σ of T * M . Observe that on T * M there is a natural notion of vertical subspace at λ ∈ T * M , namely
Then V is a smooth (Lagrangian) sub-bundle of T (T * M ). If one considers the frame
and the elements of the frame satisfy the equation
for some smooth families of d × d matrices A(t), B(t), R(t), where B(t) = B(t) * and R(t) = R(t) * . The structure of (10) follows from the fact that the frame is Darboux, namely
The idea is then to look for a suitable Darboux frame
such that the equations above are in normal form.
2.4. Curvature coefficients in quaternionic contact. The normal form of the subRiemannian Jacobi equation (10) has been first studied by Agrachev-Zelenko in [3, 4] and subsequently completed by Zelenko-Li in [44] . In particular, there exist a normal form of (10) where the matrices A(t) and B(t) are constant. Here we give an ad-hoc statement for quaternionic contact sub-Riemannian structures, following the notation and the presentation of [11] .
Remark 6. It is convenient to split the set of indices 1, . . . , 4n+3 into three subsets a, b, c with cardinality |a| = |b| = 3 and |c| = 4n − 3. The index a parametrizes the three-dimensional complement to the distribution, while b and c together parametrize the set of indices on the distribution.
This splitting is related to the fact that the Lie derivative L X : D x → T x M/D x in the direction of a nontrivial horizontal vector X ∈ D q induces a well defined, surjective linear map with 3-dimensional image (the "a" space) and a 4n − 3-dimensional kernel (the "c" space). The orthogonal complement of the kernel within D x is a 3-dimensional space (the "b" space).
Accordingly to this decomposition, any (4n
with similar notation for row or column vectors.
Theorem 6. Let λ(t) be a sub-Riemannian extremal of a qc sub-Riemannian structure.
There exists a smooth moving frame along λ(t)
such that the following holds true for any t:
(ii) It is a Darboux basis, namely
(iii) The frame satisfies the structural equationṡ
where the curvature matrix R(t) = R(t) * is
and satisfies the additional condition R ab (t) = −R ab (t) * .
Remark 7. If we fix another frame { E(t), F (t)} satisfying (i)-(iii) for some matrix R(t), then there exists a constant n × n orthogonal matrix O that preserves the structural equations and such that
For more details about the uniqueness of this frame we refer the reader to [11] .
2.5. Ricci curvature and Bonnet-Myers theorem. We can state now a corollary of the general results obtained in [10] (an analogue statement of the one mentioned here is [40, Thm. 5] ) that gives a Bonnet-Myers type theorem that we will use to prove our results. In the following sections we will compute the quantity tr(R cc (t)) for every sub-Riemannian extremal on a qc manifold and deduce the main theorems stated in the Introduction.
Structural equations for the coordinate frame
In what follows latin indices i, j, k, . . . belong to {1, . . . , 4n} and Greek ones α, β, τ, . . . belong to {1, 2, 3}, corresponding to quaternions (following the same quaternionic indices notation of Appendix A).
We start by choosing a convenient local frame on M , associated with a given trajectory. Here {X 1 , . . . , X 4n } will denote a local orthonormal frame for the metric g on D.
3.1. Fermi frame. Given a geodesic γ(t) = π(λ(t)), we define a convenient local frame on M which is an application of a standard result in differential geometry, called Fermi normal frame along a smooth curve.
Lemma 8. Given a geodesic γ(t)
, there exists a Q-orthonormal frame, i.e., a horizontal frame X i , i ∈ {1, . . . , 4n}, and vertical frame ξ α , α = 1, 2, 3 in a neighborhood of γ(0), such that for all α, β ∈ {1, 2, 3} and i, j ∈ {1, . . . , 4n}, (i) the frame is orthonormal for the Riemannian metric
In particular, for all α, β, τ ∈ {1, 2, 3} and i, j ∈ {1, . . . , 4n}
The proof of this Lemma is postponed to Appendix A.5. Fix {X 1 , X 2 , . . . , X 4n } a horizontal frame and ξ α for α = 1, 2, 3 vertical frame and introduce the momentum functions u i , v α :
Commutator relations and Poisson brackets.
The momentum functions define coordinates (u, v) on each fiber of T * M . In turn, they define local vector fields ∂ vα and
. Moreover, they define also the Hamiltonian vector fields u i and v α . The Hamiltonian frame associated with
The sub-Riemannian Hamiltonian and the corresponding Hamiltonian vector field are
We will use the short notation αβ = τ , where α, β = 1, 2, 3, for the quaternionic multiplication. The following 3 × 3 skew-symmetric matrix contains the vertical part of the covector:
with the convention v α 2 = −v 1 = 0 which is the standard identification R 3 ⋍ so(3).
Remark 8. For functions f, g ∈ C ∞ (T * M ), the symbol {f, g} denotes their Poisson bracket. The symbolḟ always denotes the Lie derivative in the direction of H. We make systematic use of symplectic calculus (see for instance [8] for reference).
In what follows, we fix a geodesic γ(t) with corresponding lift λ(t) and a Fermi frame associated with it and given by Lemma 8. Repeated indices are implicitly summed over.
Lemma 9 (Commutators). We have the following identities
Proof. It is obtained by a direct computation by combining the definition and the properties of the torsion of the Biquard connection (38) and using the choice of Fermi frame.
As a consequence of the previous identities we compute the following Poisson brackets of momentum functions.
Lemma 10 (Poisson brackets). The momentum functions u i , v α have the following properties:
(
Moreover, when evaluated along the extremal λ(t), one has
Proof. These formulas comes as a direct consequence of Lemma 9, thanks to the following observation: let X, Y be two smooth vector fields on M and h X (λ) = λ, X(x) and h Y (λ) = λ, Y (x) the associated Hamiltonians that are linear on fibers (here x = π(λ)). Then we have the identity
Let us now prove, as an example, formula (c'). We have, by definition
Using then the above observation one has
and using then Lemma 9, one gets
which proves (c'). Observe that the last term vanishes when evaluated along the extremal, thanks to the properties of Fermi frame. This proves (c). All other formulas follow analogously.
Lemma 11 (Some arrows). We have the following expressions along the extremal
Proof. In this proof we make use of the following two facts. Let f be a smooth function on T * M and let {∂ u i , ∂ vα , u i , v α } be the Hamiltonian frame, one has
Moreover, if f, g are smooth functions on T * M , we have − → f g = g f + f g. To prove (a), one then computes 
Proof. Indeed γ(t) = u i (t)X i | γ(t) , with u i (t) = λ(t), X i | γ(t)
. Then, suppressing the explicit dependence on t one has
where the barred term vanishes along the trajectory thanks to the properties of Fermi frame.
Fundamental computations.
The frame {∂ u , ∂ v , u, v} is a basis of the tangent space to T * M . We compute the differential equations of this frame along an extremal.
Lemma 13. Along the extremal λ(t), we havė
where we defined the following matrices, computed along λ(t):
in the last two formulas {ατ ζ} is a cyclic permutation of {123}, or ζ = ατ (as product of quaternions).
Proof. By a direct computation we get (simplifications are due to Fermi frame properties)
The previous proof is completed thanks to the next lemma.
Lemma 14. In terms of Biquard curvature we have
where in the last two formulas {ατ ζ} is a cyclic permutation of {123}.
Proof of Lemma 14. We use classical tricks in curvature calculations
where the cancellation ✟ ✟ XX follows from properties of Fermi frame, while ❍ ❍ YY is due to the identity u k X k g(∇ X i X ℓ , X i ) = 0 (notice that the last identity is the derivative in the direction ofγ(t) of the following one g(∇ X i X ℓ , X j )| γ(t) = 0). Thus using that the torsion among horizontal vector fields is vertical
On the other hand, the term g(∇ X ℓ X k , X j ) is skew-symmetric in k, j and we have a symmetric sum so the first term is zero and
Along the same path one can show that
Applying (41), (42), we have
where {βτ ζ} is a cyclic permutation of {123}. Further, we have using (11)
where {ατ ζ} is a cyclic permutation of {123}, the skew-symmetric parts in i and k of the first line are cancelled and the first term of the second line is evaluated as follows
Similarly one gets the formula for N αβ
Symplectic products and canonical frame
In this section, for n-tuples v, w of vectors, the symbol σ(v, w) denotes the matrix
whose entries are symplectic products. Notice that with this convention one has the identities
where, for n-tuple of vectors v and a matrix L, the juxtaposition Lv denotes the n-tuple of vectors obtained by matrix multiplication. When v, w are vector fields defined along an extremal λ(t), the following Leibniz rule holds
4.1. Derivatives of ∂ v and symplectic products of the coordinate frame. By a direct computation one gets from Lemma 13 the following relations.
Lemma 15. Along the extremal, we havė
To prove the fourth equality we used (13) and (15) below. We then compute symplectic products of the elements of the basis. (38) ,
Lemma 16. The non-zero brackets between ∂
and, thanks to (36),
Notice that, by bilinearity of σ, Lemma 16 permits to compute the symplectic product of any pair of vectors.
Lemma 17 (Several identities). We have the following identities
Proof. The identities (13) follow directly from the definitions while (14) is precisely (12) written in terms of A, C and v. For (15) , working in the Fermi frame along γ, we havė
where we used (12) to get the last equality.
Corollary 18. We also havė
Proof. The identities (16) follow directly from (13) and (15) . For the first one in (17), we take the derivative of (15) applying (13) and (14) to get thaẗ
The second identity in (17) follows from the first one applying (13) .
Lemma 19 (Derivative of V ).
We haveV = 0. In particular
In vector notationv = −G * γ . In particular if T 0 = 0 thenv =V = 0.
Proof. It easily follows bẏ
v τ = {H, v τ } = u j {u j , v τ } = u j T (ξ τ , X j ,γ) = T (ξ τ ,γ,γ).
4.2.
Computation of symplectic products. Now we deduce symplectic products of derivatives of the vector ∂ v using Lemma 15, Lemma 16, Lemma 17 and Corollary 18.
Lemma 20. We have
Proof. The identities (19) and the first two ones in (20) follow from Lemma 15, Lemma 16 and Lemma 17. We calculate σ(∂ v , ...
which proves the third one in (20) . Differentiating the second identity in (20) , one gets
which yields the third one in (20).
Canonical frame.
To compute R cc = σ(Ḟ c , F c ), we need to compute the elements of the canonical basis up to F c . The algorithm to recover them (following the general construction developed in [44] ) starts from identifying E a and then works as follows:
The triplet E a is determined by the following four conditions:
Items (i) and (ii) imply that there exists
Its solution is unique up to an orthogonal transformation (the initial condition, that we set O(0) = 1). Using the structural equations together with (21), we have
Thus we can also computė
The next step is to compute E c . It is determined by the following conditions:
where Y is a (4n − 3) × 4n matrix and W is a (4n − 3) × 3 matrix. (24), (22) and (23), we need to know
The only non-zero terms using Lemma 15 are given by:
We obtain from (24) and (25) 
Finally, using (iii) and the equality above, we get that Y must satisfy
Using Lemma 17, (25) , (26) and (18), we havė
Observe that Y represents an orthogonal projection on D ∩ span{I αγ , I βγ , I τγ } ⊥ . Then
Substitute (26) into the second equality of (24) to get
We calculate from (28) using Lemma 13, (25) , (26) and (27) that
where the cancellations in the fourth line follow from (26) and (25) . Applying Lemma 16, Lemma 17, (25) and (26) we obtain from (28) and (29) R
where we used
Lemma 21. (Derivative of C along γ(t)) We havė
Proof. By a direct computatioṅ
Finally we derive the following formula for the trace of the matrix R cc .
Lemma 22. We have
Proof. Indeed, we obtain from (30)
where we used tr(Ċ1) = 0 and
Proof of Theorems 1 and 2
Theorem 1 is a direct consequence of Theorem 7 and Lemma 22. To prove Theorem 2 we use the following Lemma to rewrite the condition in Theorem 1.
Lemma 23. We have the identity
Proof. Fix a unit vector X and set Y = Z = I 1 X, V = X into (40) . One obtains the following expression
Do the same for I 2 , I 3 and sum the obtained equalities, we obtain applying the first Bianchi identity for the Biquard connection (39).
and the first identity of (38) combined with (32) gives (31) . Now, Theorem 2 follows from Theorem 1 and Lemma 23.
A.2. The torsion tensor. The torsion endomorphism T ξ = T (ξ, ·) : H → H, ξ ∈ V will be decomposed into its symmetric part T 0 ξ and skew-symmetric part b ξ , T ξ = T 0 ξ + b ξ . Biquard showed in [17] that the torsion T ξ is completely trace-free, tr T ξ = tr T ξ • I α = 0, its symmetric part has the properties
The skew-symmetric part can be represented as b ξα = I α U , where U is a traceless symmetric (1,1)-tensor on D which commutes with I 1 , I 2 , I 3 . Therefore we have T ξα = T 0 ξα + I α U . When n = 1 the tensor U vanishes identically, U = 0, and the torsion is a symmetric tensor, [31] and enjoy the properties
From [33, Proposition 2.3] we have
hence, taking into account (35) it follows
Any 3-Sasakian manifold has zero torsion endomorphism, and the converse is true if in addition the qc-Einstein curvature (see (37) ) is a positive constant [31] . 
where X 1 , . . . , X 4n is an orthonormal basis of D.
A qc structure is said to be qc-Einstein if the horizontal qc-Ricci tensor is a scalar multiple of the metric, Ric(X, Y ) = 2(n + 2)Sg(X, Y ).
As shown in [31, 28] the qc-Einstein condition is equivalent to the vanishing of the torsion endomorphism of the Biquard connection. In this case S is constant and the vertical distribution is integrable. It is also worth recalling that the horizontal qc-Ricci tensors and the integrability of the vertical distribution can be expressed in terms of the torsion of the Biquard connection [31] (see also [29, 33, 32] ). For example, we have Note that for n = 1 the above formulas hold with U = 0.
A.4. Bianchi identity. We shall also need the first Bianchi identity and the general formula for the curvature [31, 33, 34] . A.5. Fermi frame. Here we prove the existence of Fermi frame. We recall the statement Lemma 24. Given a geodesic γ(t), there exists a Q-orthonormal frame, i.e., a horizontal frame X i , i ∈ {1, . . . , 4n}, and vertical frame ξ α , α = 1, 2, 3 in a neighborhood of γ(0), such that for all α, β ∈ {1, 2, 3} and i, j ∈ {1, . . . , 4n}, (i) the frame is orthonormal for the Riemannian metric g + β η 2 β , (ii) ∇ X i X j | γ(t) = ∇ ξα X j | γ(t) = ∇ X i ξ β | γ(t) = ∇ ξα ξ β | γ(t) = 0.
Proof. Since ∇ preserves the splitting H ⊕ V we can apply the standard arguments for the existence of a Fermi normal frame along a smooth curve with respect to a metric connection (see e.g., [26] ). We sketch the proof for completeness.
Let {X 1 , . . . ,X 4n ,ξ 1 ,ξ 2 ,ξ 3 } be a Q-orthonormal basis around p = γ(0) such thatX a | p = X a (p) andξ α | p = ξ α (p). We want to find a modified frame X a = o b aXb and ξ α = o τ αξτ , which satisfies the normality conditions along the smooth geodesic γ(t).
Let ̟ be the sp(n)⊕sp ( 
